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1. INTRODUCTION 
Let Q be a bounded domain in RN with boundary &2. We consider the 
initial boundary value problem 
i 
u, = d(u”) - hP, 24 > 0 in SZxR+ 
(I) U(X, t) =o on &2xR+ 
a, 0) = Q(X) in 0, 
in which m, p > 0, and 2 > 0 are constants, the initial value uO(x) is a given 
bounded nonnegative function and R + = ( t : 0 < t < cc }. 
Let T>O, Q.=ax(O,T] and Q=52x(O,oo), and let v denote the 
outward normal on X2. 
DEFINITION. A solution u of Problem (I) on [0, 00) is a nonnegative 
function u: [0, CO) + L’(Q) with the properties: 
(i) for any T > 0, 
UE C([O, co): L’(Q)) n Lm(QT); 
(ii) jn~(T)5(T)=jnuo5(0)+j,‘j,(u5,+u”d5-I~P5) 
for any T > 0 and 5 E C’(Q) such that 5 >, 0 in Q and 5 = 0 on 852 x (0, co). 
A supersolution (subsolution) of Problem (I) on [0, co) is defined by (i) 
and (ii) when the latter equality is replaced by > (Q ). 
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In order to investigate the properties of solutions for Problem (I), it is 
very important to establish the Comparison Principle, i.e., to prove that for 
Problem (I) a supersolution is always greater than or equal to a subsolution 
if this is so for the corresponding initial values. This has been done in 
[ACP] for m > 1 and p 2 1 respectively in [MST] for m > 0, p 3 1. The 
object of this paper is to prove the Comparison Principle for Problem (I) 
when m > 0, p > 0 and give some applications. 
The main method used in the proof of the Comparison Principle is based 
on the introduction of an auxiliary problem to construct suitable test 
functions and follows closely the arguments in [PZ]. As an application we 
shall completely describe the positivity property of solutions for Problem (I) 
establishing some new results as well. 
Throughout the paper we assume that 
(H,) The domain 52 is a bounded, arcwise connected open subset of 
RN whose boundary is of class C’. 
Our main results are the following. 
THEOREM A. Suppose that II > 0, m > 0, p > 0 and that Sz satisfies (H,). 
Let 6(x, t) be a supersolution and g(x, t) a subsolution of the problem 
24, = d(P) - iup, U>O in Qx (0, T] 
24(x, t) = 0 on an x (0, T-J. 
Then 
22(x, 0) 3 &4(x, 0) =+ U(x, t) 2 _u(x, t). 
THEOREM B. Suppose that 1. b 0, 0 < m < 1 and p > m. Let u(x, t) be the 
solution of Problem (I) in which u,, $0. Then there exists a time T> 0 such 
that 
u(x, t) > 0 for any (x, t) E Q x (0, T) 
and 
u(x, t) = 0 for any (x, t) E a x [T, + a), 
2. PRELIMINARIES 
In this section we collect some results and introduce the auxiliary 
problem to be used in the proof of Theorem A. 
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We introduce the distance function d: D -P [0, co) from a point in a to 
the boundary aQ, 
d(x)=min{\x-zl:zEdQ}. 
In terms of d(x) we define the set 
Q,= {xIx&:O<d(x)<s} for s>O. 
The function d(x) has the following properties: 
LEMMA 2.1. Let 52 satisfy (H,). Then there exists a constant aeR+ 
such that for every XE G, there exists a unique point z(x) E 132 which 
satisfies 
d(x) = Ix - z(x)l. 
Moreover de C2(D,). 
A proof of Lemma 2.1 can be found in [Se]. 
LEMMA 2.2. Let 52 satisfy (Ha). Then there exists constants aOE (0, a) 
and ~1~ > 0 such that 
IVd(x)l au.,,>0 for any XE~,,,. 
Proof For any 1~ &? there is a neighborhood of i, B(i) such that 
%2nB(i) can be expressed by xN= h(x,, . . . . x,,-i) and for any 
x E B(g) n Q, there is z(x) = (z,(x), z,(x), . . . . zN(x)) E aQ n B(i) such that 
Setting 
evidently 
d(x)= 
/I7 
c (zi-xi) 
I-= IVd(x)l’, 
r=dp2j, (i (zi-xi) (z-a& 
where 
i 
1, aij = 
if i =j, 
0, if i# j. 
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Since z(x) = (z,(x), . . . . zN(x)) satisfies 
(z,=h(z,, ..., ZN- I)> 
we obtain by calculation 
(i,j= 1, 2, . . . . N- 1, i#j) 
and 
I-= dp2(z, -xN)2j, (rf, ( -$)($“V))2. 
Letting x-z(x) -+ 0 we have 
3, aZN ah 
axj ax, azi (i+j), 
-Ll+2w?! aZ 
axi ax, aZi 
and 
(g$-(t)2[l+(gy+ ... +($)2]-2 
(i= 1, 2, . . . . N- l), 
(?c-l)2+[l +($)‘+ . . .+(-$J-‘. 
Thus T-t 1 as x-z(x) -+ 0. It implies that r= 1 for XE dQ. Now the 
conclusion follows immediately. This completes the proof. 
To establish the Comparison Principle we need the following auxiliary 
problem 
5, + a(x, z, E) A( - c(x, z, E)5 = 0 in Sz x (0, t) 
on a52x(O,t) 
in Q, 
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in which Q satisfies (HQ). Here E is a positive parameter. We assume that 
for any E the coefficients a( ., ., E) and c( ., ., a) are smooth functions defined 
in a x [0, T] such that a( ., ., E) > 0 and c( ., ., E) > 0. Finally we choose 
x E C;(Q) to be a nonnegative function in 0. 
LEMMA 2.3. Problem (II) has a unique smooth solution 5 which satisfies 
0 6 5(x, 7) GM in Ox [0, T], 
IWX, 7)l GM on al2 x [O, T], 
’ SI (A<)* dx < C*(E) in (0, Tl, 0 51 
where the constant M does not depend on E. 
Proof: Obviously Problem (II) has a unique classical solution 5(x, 7) 
with 
0<5(x,z)<M in Q x [0, T], 
where M=max(~(x): XEB}. 
In order to estimate V&x, 7) on the boundary we consider the auxiliary 
function 
w(x,z)= +~(~,7)+k(e~~~~"~-- 1) in Q,,, 
where 0 < oI < go and o. has been defined in Lemma 2.2. The positive 
constants k and CI will be determined later. 
We find that 
w,+aAw-c~=ke-~~‘“‘{aa[a~Vd~*-Ad] +~(e’~(~)--- 1)) in Q,,. 
By Lemmas 2.1 and 2.2 it is possible to choose c1 so large that 
aIVdl’-Ad>0 in fi,,, 
so that for this choice of a 
w,+aAw-cw>O in Sz,,. 
We also note that 
and that 
w(x,z)=O on %2 x (0, t), 
W(X, t) = *x(x) + k(eeadcx) - 1) < 0 in Q,,, 
409/165/Z-11 
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when we choose k large enough, because supp x c Q. Finally, on &2,,\&2 
we have 
w(x, T)= &4(x, 5)+k(e zd’r)- 1) 
<M+k(e ‘O’- l)<O. 
Thus by the maximum principle 
w(x, 7) < 0 in Q,, x (0, t) 
and so 
w-7 T) > o 
-, av on X2 x (0, t). 
The second inequality follows immediately. 
Multiplying the equation in Problem (II) by d< and integrating over 
52 x (0, t), after an integration by parts and using the elementary inequality 
where a, b are nonnegative and ,u positive, we obtain 
’ JJ (Lfly dx 6 C*(E) in (0, T]. 0 R 
3. THE COMPARISON PRINCIPLE 
We proceed as in [PZ]. Thus we divide the proof of Theorem A into the 
following three steps. 
Step 1. Let g(x) = U(x, 0) and let {cpc: E> 0) be a family of functions 
in C”(Q) such that 
(Pe>E in 0 and cPc=e on asz, 
which converge to @ in L’(Q), 
s lcp,b) - cP(x)l dx + 0 as s--*0+. R 
We now consider the auxiliary initial-boundary value problem 
u, = A ( urn) - AVP + I.&P, IlaO in D x (0, T] 
(III) u(x, t) = & on a52x(O, r] 
44 0) = v,(x) in a. 
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Problem (III) has a unique classical solution 0,(x, t) and 
E 6 U&(X, t) 6 c, 
where the constant C does not depend on E. The uniform upper bound 
implies [Sac] that we can extract a convergent subsequence (uEJ such that 
v,, + v as j--+cO in C(d), 
where u is a solution of the problem 
v, = A(v”) - w, v30 in 52x (0, T] 
v(x, t) = 0 on dQ x (0, T] 
4% 0) = g(x) in 52. 
Step 2. We assert that U(x, t) >/ u(x, t). 
Indeed, from the definition of a solution and a supersolution it follows 
that for any 5 E C2(D x [0, T]), 5 3 0 such that 5 = 0 on a52 x [0, r], V, 
and U satisfy 
JQ Cvc(f)-u(f)3 tCflGJQ IIVe-(Pl r(“)+~~JQ (V~:-U)[15~+a~,j45-c~,~~1 
I 
- 
1s 
Ern(V(, v) + l&P 
cc * 5, 0 x2 0 R 
(3.1) 
where 
p-p 
0.=-k-_ t ?I,---u ) 
a, j=a,; * J,, 
vP--P 
c,=A--- 
v,--ii) 
C c. J = c, * J, 
and Jj~ Cm(RN+‘) is a mollifier with the properties 
suPP <jC ((X5 1) I IXI < l/j, ItI < l/j), JRN+, Jj= 1. 
As a test function ((x, t), we consider the solution of the Dirichlet 
problem 
5r+ac,jA<-c,j5=0 in Qx (0,f) 
(=O on X.?x(O, t) (3.2) 
5(x, t) =x(x) in Q, 
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where XE C,“(Q) is nonnegative and 
0 < a, < C(E), 0 6 c,, d C( I: ). 
From Lemma 2.3, (3.2) has a unique solution 5(x, z) satisfying 
0 < 5(x, z) d A4 in Q x (0, r], 
lvr(x, z)l 6 kf on 8Q x (0, T], 
where A4 is a generic constant which does not depend on E and j. 
Taking the solution of (3.2) as a test function in (3.1), we obtain 
JQ bwwlx9~~ cvc-(PI 80) 
I -I s P(VS, v) + hP IS f 5 0 Pf2 0 c2 
=x,+x*+x3+x4. 
Now we estimate the different terms Xi, 
f + ss ICE,,--cl +o I as j- +co, 0 R 
Finally, letting j + + cc and then E + 0 we obtain 
s Cu(x, f) - 4x9 t)l x(x) d 0. R 
This implies that 
22(x, t) 2 u(x, t). 
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Step 3. In the same way we can prove that 
u(x, t) 2 w(x, t) 2 u(x, t), 
where w(x, t) is a solution of 
i 
w, = d(w”) - IWP in Qx (0, T] 
w(x, t) =o on X2x (0, T] 
w(x, O)=_u(x, 0) in 52. 
From the above we conclude that ii(x, t) 2 _u(x, t) in d x [0, T]. This 
completes the proof of Theorem A. 
From Theorem A we obtain at once the following corollary. 
COROLLARY. The Problem (I) possesses at most one solution for any 
m >O, p>O. 
4. APPLICATIONS 
From the Comparison Principle it is easy to conclude that for either 
0 < p < 1 or 0 <m < 1 solutions of (I) have the extinction property. 
THEOREM 4.1. Suppose that either 0 < p < 1 or 0 <m < 1. Let u(x, t) be 
a solution of (I). Then there exists a time T> 0 such that 
u(x, t)=O for any (x, t)E:ax [T, +a). 
Proof Suppose 0 < m < 1. We then use the comparison function 
4x, t) = s(t) w(x), 
where q and w are respectively solutions of the problem 
1 q’= -yq” tko 4(O) = 40 40>0 
and 
-d(w”)=yw in Sz 
w=6 on ai-2 
for some positive constants 6 and y. The solution of the first problem can 
be given explicitly, 
q(t)= {(q~~m-(l -m)yt)+}‘“‘-“‘, 
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and it is well known that for some S > 0 there exists a y > 0 for which the 
second problem possesses a solution M’ 3 6. Choosing y. 3 max u,,/6 we also 
have 
z(x, 0) = q”“(x) 3 q,,6 3 u&), XEQ. 
With this choice of q and w it is readily seen that z = qw is a supersolution 
of Problem (I). It implies that 
0 d u(x, t) d z(x, t) for XE~, t>O 
and hence that 
u(x, t) = 0 for xE0, t> T,,, 
where 
If 0 < p < 1, we use the solution y(t) of the problem 
i 
y’ = -/1$1” 
y(O)=max(u,(x):xEB}. 
Then U(x, t) = y(t) is a supersolution of Problem (I) and we obtain the 
same result. This completes the proof. 
We can also use the Comparison Principle to discuss the positivity 
property of solutions for Problem (I). We assume that u. = 0 on &2 and 
u;; E C’(i2). 
It is well known that form = 1 and p 3 1 the solution u(x, t) of Problem (I) 
has the following positivity property: if u. > 0 but u. $0, then 
u(x, t) > 0 for all XEM and all t ~0, 
g(x, t)<O 
(PI 
for all XE LX2 and all t >O. 
But by Theorem 4.1 and the following Theorem 4.2 it is seen that for m # 1 
the solution u(x, t) of Problem (I) does not possess property (P). 
THEOREM 4.2. Suppose that m > 1. Then there exist initial functions 
uo(x) with uo(x) 3 0 and u,(x,) = 0 for some x0 E Sz such that for these initial 
values, the solution u(x, t) of Problem (I) satisfies 
u(x,, t)=O for O<t< T,, 
where To is some positive number. 
POROUS MEDIA EQUATION 467 
Proof. We seek a supersolution of the form 
fi(x, t)=q(t) Ix--xgll, 
in which tl is a positive number and q a solution of the problem 
q’ = y*qm, q(O) = 40, 
where y * and q. are constants and to be determined. Clearly, q(t) is given by 
q(t)=(q:,~m-(,-l)y*f)-~‘i’“-“, O<t<T,, 
where 
Substitution of 17 into the differential equation yields 
Y(U) = d(U”) - &ip - u, 
where we have set r= lx-xoI. 
Thus, if we choose a = 2/(m - 1) and y* 3 am(N+ am - 2), we have 
9(G) < 0 in Q x (0, To), 
which implies that if 
uo(x)~qoJx-xo~2”“-” in 0, 
then 
u(x, t) < U(x, t) in 0 x [0, to) 
and in particular 
u(x,, 1) =o when O<t-cT,. 
The proof is complete. 
In the following we shall consider two weak positivity properties. 
(P,,): If u. 2 0 and u. f 0, then there exists a time T> 0 such that 
u(x, t) > 0 for any Szx [T, +co). 
(P,,) : If u. > 0 and u. f 0, then there exists a time T> 0 such that 
u(x, t) > 0 for any Q x (0, T). 
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By Theorem 4.1 if 0 < m < 1, the solution of Problem (I) does not possess 
the positivity property (P,,). However, if m r 1 and p < m, i >O the 
solution of Problem (I) does not have positivity property (PLT) either. This 
follows from a theorem proved in [BNP] for m > I, but which, thanks to 
Theorem A, continues to hold for 0 < m < 1. 
THEOREM 4.3. Let A> 0 and let u(x, t) be the solution of Problem (I) in 
which m > 0 and 0 < p < m. Suppose for some y E Q 
2$(x) 6 A, Ix - y12/‘m P), 
where A, is a constant which depends on m, p, ;1, and N. Then 
U(Y, t) = 0 for all t 2 0. 
For m > 1 with either 1= 0 or 1> 0 and p > m the solution of Problem (I) 
has property (PLT), i.e., we have the following theorem. 
THEOREM 4.4. Let u(x, t) be the solution of Problem (I). Suppose 130 
and p > m > 1. Then there exists a time T > 0 such that 
44 1) > 0, (x, t)EQx [T, co). 
It has been proved in [AP, BNP, and BP]. 
We now turn our attention to discussing the weak positivity (PST). From 
Theorems 4.2 and 4.3 we know that for m > 1 or p < m and 1” > 0 the solution 
of Problem (I) does not have property (PST). We will prove that for m < 1 
if 1= 0 or i > 0 and p 2 m then the solution of Problem (I) has property 
(PST). For the purpose we prove the following lemma first. 
LEMMA 4.5. Suppose that 0 <m < 1 and 12 0. Let u(x, t) be the solution 
of Problem (I) in which p>m. Zf there is (x,, to) EQ x (0, co) such that 
u(x,, to) = 0, then 
24(X, to) = 0 for any x E Q. 
Proof We set u = urn, Problem (I) then transforms into 
1 
- v’v = Au - ,@, 
m ’ 
v>o in Qx(O,co) 
v=o on f3Qx(O, cc) (4.1) 
v(x, 0) = vo(x) in Sz, 
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where a = (l/m)- 1 > 0, /I= p/m >, 1 and uO(x) = U:(X). We consider the 
approximating problem 
: 
~(u”+~)u,=Au--I.d, V30 in Qx(0, co) 
lJ=o on 13Rx(O,co) (4.2) 
4x, 0) =%l(x) in 52. 
As was shown in [Sab] problem (4.2) has a classical solution V, which is 
equicontinuous with respect o E. Thus there exists a subsequence of u,, say 
v,, such that the limit 
lim u,, = u(x, t) 
/-” 
exists and (x, t) is the solution of (4.1). By uniqueness of solutions which 
follows from the Comparison Principle and the hypothesis 1)(x0, to) = 0, we 
shall prove that 
u(x, t()) = 0 for any xEQ. 
Let us suppose that this is not true, i.e., u(x,,, to) = 0 but a point x* E Q 
can be found such that 
u(x*, to) # 0. 
In this case such positive numbers p and E,, can be found that for all 
O<&<Eo 
u,tx*, 63) >p. 
In the following we take for simplicity N= 1 and assume without loss of 
generality that x* < x0. By the property of equicontinuity of the function 
u, there are positive constants 6 and cl such that for all 0 <E < s1 
u,(x*, t) > P, when t,-6gt<t,. (4.3) 
Since u, is uniformly bounded a positive number K which is independent 
of EE (0, .sr) can be found such that 
(4.4) 
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Taking ~E!Z with .<> x,, and the triangular domain d, enclosed between 
the straight lines x=x*, t = to, and c(t-to)-(.x--)=0, where 
c = (.C - x*)/6, we consider the function 
w(x, t)=y[c(t-t,,)-(x-i)]cb in A,., 
where b is some positive number. Then 
= ye -b-x ;(w’+c)r-2b-[c(t-to)-(x-i)](b’--K)} 
60 in A,, (4.5) 
if b is chosen sufficiently large. 
As to the boundary data, by (4.3) we can choose y so small that 
uc(x*, t) 3 w(x*, t) when to-6dt<tto, (4.6) 
for all 0 -C E < 6,. And by the definition of v, and w, 
u,(x, t) a 0, w(x, t) = 0, (4.7) 
when c(t - to) - (x - .C) = 0. Thus it follows from (4.4)-(4.7) that by the 
maximum principle 
u,(x, t) 2 w(x, t) when (x, t)eii,., 
for 0 < E -C E, . Letting E tend to zero along the sequence { sj} we obtain 
$4 t) 2 w(x, t) in 6,,, 
and especially 
+I, to) 2 w(x,, to) > 0. 
This is a contradiction and the proof is complete. 
From Theorem 4.1, Lemma 4.5, and the uniqueness of solutions 
Theorem B follows immediately. 
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